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Introduction
Frictional sliding is a complicated process generally involving large deformation of asperities having a wide range of size scales. The classical Amontons-Coulomb description of friction states that the shear force along an interface is proportional to the normal force, with the proportionality constant being the coefficient of friction µ. However, experiments have shown that friction is both time-and slip distance-dependent (e.g. Dieterich [1] , Ruina [2] , Prakash and Clifton [3] , Gearing et al [4] ). In a more general context it is the evolution of the sliding force and its dependence on the normal force that characterizes frictional sliding.
In their classical work Bowden and Tabor [5] wrote the frictional force as F f = τ f A t , where τ f is the contact shear stress and A t is the true area of contact. The main contribution to the normal force dependence arises from its effect on the true area of contact, both through the number of asperities in contact and the evolution of the asperity shapes, although there can also be an effect of normal force for a single asperity.
Here, we confine attention to frictional sliding along an interface between a ductile single crystal and a hard solid that is idealized as rigid. Furthermore, we confine attention to a single asperity with an idealized shape. When the asperity contact size is sufficiently small, conventional continuum theories of plasticity fail to predict the response and discrete dislocation effects come into play. Indeed, Kuhlmann-Wilsdorf [6] noted in 1981 that the plastic response of an asperity would be size dependent when the asperity size was of the order of the dislocation source spacing. In a pioneering study, Polonsky and Keer [7] used discrete dislocation plasticity to model elastic-plastic deformation of micro-contacts on scales too small to apply conventional continuum plasticity. Their analysis revealed that when the asperity size becomes comparable to the dislocation source spacing, the asperities can sustain considerably greater loads than those predicted by continuum plasticity.
Hurtado and Kim [8, 9] analysed frictional size scale effects using a discrete dislocation model and found three regimes in the variation of τ f with contact size. For relatively large contacts, τ f is equal to the Peierls stress while for very small contacts τ f is equal to the theoretical shear strength of the solid. The transition between these two regimes is governed by the stress to nucleate a dislocation loop at the edge of the contact, and Hurtado and Kim [8, 9] obtained a scaling of τ f with the contact size a as τ f ∝ a −1/2 . Arguing that the size of the interface zone over which plasticity occurs scales with the contact size, Bhushan and Nosonovsky [10] obtained a similar scaling. The analyses of sliding of Deshpande et al [11] presume that dislocations are generated by Frank-Read sources in the bulk, not at the surface as in the model of Hurtado and Kim [8, 9] . Nevertheless, a similar scaling with asperity size was obtained.
In the present study, the effect of size on the single asperity friction coefficient is explored. In one set of calculations, an indentation calculation is carried out to determine the contact area versus applied normal load relation followed by an independent calculation of the initiation of sliding, as in [11] , using a cohesive shear traction-displacement relation on the contact area determined by the indentation calculation. Such calculations only approximately represent the combination of sliding with an imposed normal pressure, since for example the effect of the change in surface shape due to the normal loading is not accounted for in the sliding calculations. In the second set of calculations the analysis of sliding starts from the stress state and dislocation distribution induced by the normal loading. The predictions of these two sets of calculations are compared.
Discrete dislocation formulation
We analyse the plane strain indentation and sliding of two-dimensional single crystal films on rigid substrates (figure 1). The crystal is taken to be elastically isotropic with Young's modulus E = 70 GPa and Poisson's ratio ν = 0.33. It has three slip systems at angles φ (α) = ±54.7
• , 90.0 • relative to the free top surface. Plasticity is a result of the collective motion of edge dislocations with Burgers vector magnitude b = 0.25 nm. The dislocations are treated as line singularities in a linear elastic continuum with their motion and evolution being governed by a set of constitutive rules. Superposition is used to calculate the stress and deformation state at each stage [12] . This method involves the (˜) field caused by dislocations, calculated analytically from the linear isotropic elastic dislocation fields, and a smooth image field (ˆ) that corrects the solutions to satisfy the boundary conditions. We use the finite element method to solve the linear elastic boundary value problem for the (ˆ) image fields.
The computations start with a dislocation-free crystal. This crystal has sources with a density ρ src = 48 µm −2 and obstacles with a density ρ obs = 98 µm −2 that are randomly placed on the slip planes spaced 100b apart. The sources nucleate a dislocation dipole when the resolved shear stress on the source exceeds τ nuc over a period t nuc = 10 ns. In the computations here, the source strengths have a Gaussian distribution with an average valueτ nuc = 50 MPa and a standard deviation τ nuc = 10 MPa. Glide of dislocation I is controlled by the Peach-Koehler force, whose component in the slip direction is f (I ) and the glide velocity is given by v (I ) = f (I ) /B with B = 10 −4 Pas. When a dislocation meets an obstacle, it is pinned there and released only when the Peach-Koehler force exceeds bτ obs , where τ obs = 150 MPa is the obstacle strength. If two dislocations of opposite sign come within a critical distance L e = 6b on a slip plane, they annihilate.
Geometry and boundary conditions
Calculations were performed for films of thicknesses h = 2, 10 µm and 50 µm (figure 1). Two asperity shapes are considered: (i) a sinusoidal asperity ( figure 1(a) ) with a wavelength λ and amplitude = 0.5 µm; and (ii), as in Balint et al [13] , a wedge-like asperity with a wedge angle ω (measured with respect to the top surface of the film). Dislocation activity in a film of length L = 1000 µm was restricted to a process region of length L p = 50 µm. The calculations were terminated before dislocations reached the boundaries x 1 = ±L p /2 and thus the effect of the process region is to restrict the extent to which the indentation or sliding calculations were carried out. Two sets of calculations are performed; indentation calculations and sliding calculations.
In the indentation calculations, the contact between the rigid asperity and the film is based on the deformed film surface. Perfect sticking is assumed as soon as the asperity comes in contact with the film; hence, the rate boundary conditions applied arė
where S contact denotes the portion of the deformed surface in contact with the asperity anḋ δ = 0.4 ms −1 is the indentation rate. The other boundary conditions arė
Here, T i = σ ij n j is the surface traction on a surface with outward normal n j . The applied load is computed as
to give the indentation pressure p defined by
where a is the end-to-end length of the contact region.
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In the sliding calculations, adhesion on the contacting surface of length a ( figure 1(b) ) is modelled via a shear traction versus displacement relation described by
where t = u 1 (x 1 , h) is the tangential displacement jump across the cohesive surface and T t = T 1 is the shear traction. Again, we specify thatṪ 1 =Ṫ 2 = 0 on x 2 = h and |x 1 | a/2, i.e. the surface outside the contact region is traction free. The cohesive strength τ max is taken to be 300 MPa and δ t = 0.5 nm. Deshpande et al [11] considered a softening cohesive relation as well as one of the form of equation (5) and found that the initiation of sliding is relatively insensitive to the choice of cohesive relation. The displacement rateṡ
are applied on the boundaries x 1 = ±L/2 and x 2 = 0 to simulate the relative sliding of the contacting surfaces withU/a = 10 4 s −1 . The mean contact shear stress τ is given by
and the friction coefficient µ is defined as
Two types of sliding calculations are carried out. In one set, the sliding calculations are performed for an initially stress and dislocation-free crystal as in [11] . In the other set of calculations, the traction T 2 on the contact surface caused by the preceding indentation is retained by applying traction boundary conditions. Also, the dislocation structure created by the indentation is present at the start of the sliding calculation. Furthermore, the sticking constraintu 1 = 0 in the indentation contact region in equation (1) is relaxed and replaced by the shear cohesive law equation (5), as used in the sliding calculations for a dislocation-free crystal.
The finite element mesh was highly refined in a 30 µm × h region around the centre of the contact area and usually consisted of 180 × 100 bilinear elements with a typical mesh size of about 0.01 µm in a central 1 µm × 1 µm region. A time step of t = 0.5 ns is used in all the calculations in order to accurately resolve the dislocation dynamics.
Indentation
The indentation pressure p versus contact length a response is plotted in figures 2(a) and (b) for indentation of h = 50 µm, 10 µm and 2 µm films by rigid sinusoidal asperities with an amplitude = 0.5 µm and wavelengths λ = 20 µm and 10 µm, respectively. These curves are obtained by cross-plotting p = F (δ)/a(δ) and a(δ). For the h = 50 and 10 µm films, p first increases rapidly with increasing a and then tends to level off. In contrast, p continues to increase with increasing a for the thinner h = 2 µm film as the plastic zone under the indenter gets constrained by the rigid substrate.
Increasing the sharpness of the asperity, i.e. increasing the ratio /λ, increases the indentation pressure for a given contact length a for the thicker h = 50 and 10 µm films. This is due to the fact that a larger indentation depth is required for the sharper asperities to achieve the same contact length. However, the trend is opposite for the h = 2 µm films. As in [13] , this difference is associated with the fact that significant material pile-up occurs during indentation of the thin h = 2 µm films when dislocation glide is restricted by the rigid substrate while some material sink-in occurs for the thicker films.
Single asperity sliding and friction

Sliding from a stress and dislocation free state
As in Deshpande et al [11] , we analyse the boundary value problem sketched in figure 1(b) for an initially dislocation-free crystal. Computed curves of shear stress τ defined in equation (7) versus applied displacement, U , are shown in figure 3(a) for the h = 10 µm film and for selected values of the contact length a. The value of τ first increases approximately linearly with U and then reaches a plateau. In general the shear stresses are greater for the smaller contacts. For the smallest contact (a = 0.04 µm), no dislocation activity occurs before the cohesive strength τ max = 300 MPa is attained.
The friction stress, τ ave , is defined as the average value of τ over the range 0.015 µm U 0.02 µm. For the largest values of a, τ has attained a steady-state value for displacements in this range. The τ -U curve depends on the specific distribution of dislocation sources and obstacles and not just on the densities. Here, calculations were carried out for two realizations; the values obtained for the two realizations differed by less than 5 % in all cases and the values of τ ave reported are mean values. The relation between friction stress τ ave and contact size a, shown in figure 3(b), appears to be insensitive to the film thickness h over the range considered here because, as in [11] , the plastic zone penetrates to only about 1 µm under the sliding asperity. This can be contrasted with the indentation response where the plastic zone penetrates deep into the film so that the film thickness can then significantly affect the indentation response.
The qualitative features of the τ ave -a curve, figure 3(b) , are similar to those reported by Deshpande et al [11] . The curve displays two plateaus: for large contacts (a 10 µm here), τ ave is approximately independent of a with τ ave approximately equal to the shear flow strength of the single crystal, while for small contacts (a 0.2 µm), τ ave is equal to the cohesive strength τ max . In the transition regime, τ ave increases with decreasing a. This size effect arises not only due to size effects that result from the imposed strain gradients and the consequent build-up of geometrically necessary dislocations but also is a consequence of the discreteness of the dislocation sources and obstacles (see [11] ). The form of the dependence of friction stress on contact size in figure 3(b) is consistent with the low values of friction stress found experimentally in the surface force apparatus [14] , where the contact area is relatively large, and the much larger friction stress values seen for contact with an atomic force microscope tip [15] , where the contact area is relatively small. Only very recently have measurements been made in the transition regime and the experimental measurements are in good agreement with a square root dependence on contact size [16] .
Friction predictions for an initially stress and dislocation free crystal
Here, for a given indentation force F , the end-to-end contact length a is obtained by the indentation simulations in section 3. The frictional sliding force τ a is then obtained from the sliding simulations presented in section 4.1.
The friction coefficient, µ ≡ τ/p, at fixed a for the sinusoidal asperity with λ = 20 µm is shown in figure 4 and obtained from a combination of the results in figures 2(a) and 3(a) (by dividing τ (U) by the value of p needed to obtain the specified value of a). The dependence of µ on the sliding displacement U at selected values of contact size a is plotted in figure 4(a) for the sinusoidal asperity with wavelength λ = 20 µm. The coefficient of friction µ increases with increasing U and then attains a steady-state for U greater than about 5 nm. Thus, the mean value, µ ave ≡ τ ave /p, for a single asperity is attained after very little sliding. The value of µ ave increases with decreasing contact size. The variation of µ ave with a is summarized in figure 4(b) for the three film thicknesses: µ ave increases with decreasing contact size for contact sizes a 2 µm and is essentially independent of contact size for a > 2 µm in the two thicker films. The increase in µ ave with decreasing a is a result of the fact that the indentation pressure decreases with contact length for small contact sizes ( figure 2(a) ). As the contact size increases, both the indentation pressure and friction stress τ ave become approximately independent of a for the thicker films and thus µ ave becomes approximately independent of contact size. In contrast, for the h = 2 µm film, the indentation pressure continues to increase with increasing a (figure 2) while the friction stress remains approximately constant. Thus, no plateau in the µ ave versus a curve is seen for the h = 2 µm films with µ ave decreasing with increasing a for all values of contact size considered here. While the µ ave values for the thick films are similar to those reported as the 'static' friction coefficients for metallic contacts [5] , the large contact µ ave values for the h = 2 µm film are significantly smaller than most experimental observations. The predicted dependence of µ ave on film thickness remains to be experimentally verified.
Bhushan and Nosonovsky [10] have presented a similar analysis based on scaling relations derived from nonlocal plasticity considerations. In their model, the material length scales that give rise to the size dependence of the contact pressure and friction stress are inputs, whereas in the discrete dislocation simulations the size dependence emerges as a natural outcome, and can be associated with multiple length scales; for example, one length scale associated with geometrically necessary dislocations and/or another length scale associated with the spacings of dislocation sources and obstacles.
The size dependence of the single asperity friction coefficient µ ave for the h = 10 µm and h = 50 µm films obtained here is consistent with a number of single asperity molecular dynamics studies (see, for example, [17, 18] ) but is contrary to the experimental finding that the coefficient of friction decreases with decreasing contact sizes [19] . However, in Ruan and Bhushan [19] the scale dependence of µ was inferred from two separate scratch tests: one with an AFM tip with a 50 nm radius and the other with a 3 mm ball.
Effect of asperity shape
The variation of the friction coefficient µ ave with contact size is plotted in figure 5(a) for the sinusoidal asperity with λ = 10 µm. A comparison with the results in figure 4(b) shows that the contact size dependence of µ ave is reduced for this sharper asperity ( /λ = 0.05) compared with the /λ = 0.025 asperity in figure 4 . In order to further explore the effect of asperity shape on the trends shown in figures 4(b) and 5(a) we consider the friction coefficient for a wedge-like asperity. As in section 4.2, the sliding calculations start from a dislocation and stress-free state. Indentation pressure versus contact length predictions for indentation with a ω = 5
• wedge is given by Balint et al [13] for the materials considered here. In these indentation calculations, there is no length scale associated with the indenter geometry, and consistent with a wide body of experimental data (see, for example, a review of the literature in [20] ), Balint et al [13] showed that the discrete dislocation calculations predict that the indentation pressure decreases with increasing contact size (when the film is thick enough to avoid interaction with the rigid substrate).
The computed values of µ ave for a wedge-like asperity (ω = 5 • ) for the three film thicknesses are plotted in figure 5(b) as a function of the contact size a. The coefficient of friction µ ave decreases with decreasing contact size for contact sizes a 1 µm and is essentially independent of contact size for larger contact sizes in the two thicker films. For the materials considered here, the large-contact size value of the single asperity friction coefficient is µ ave = 0.25-0.35. This is in the range of experimentally observed values of the macroscopic multi-asperity friction coefficient for most metallic alloys [5] . The reduction in the coefficient of friction at small contact sizes for wedge-like asperities is a result of the friction stress τ ave being limited by the adhesive strength τ max for small contacts, while the contact pressure continually increases with decreasing contact size due to the indentation size effect. As in figures 4(b) and 5(a), µ ave decreases with increasing a (at large values of a) for the h = 2 µm films due to the continued increase in the indentation pressure with increasing a in these thin films.
Thus, the size dependence of the single asperity friction coefficient µ ave is strongly dependent on the asperity shape: according to our calculations it can either increase or decrease with a depending on the asperity shape. The indentation and sliding material length scales l d and l s , respectively, in the model of Bhushan and Nosonovsky [10] can be adjusted to give results similar to those obtained here. In particular, the choice l d > l s predicts that the friction coefficient decreases with decreasing a while l d < l s predicts the opposite. However, the physical interpretation of the length scales in the Bhushan and Nosonovsky [10] model is quite different from those in the discrete dislocation plasticity analyses. In particular, l s in [10] associated with the mean length over which a dislocation climbs. Climb of dislocations is not accounted for in our analyses. Rather, the size dependence in the calculations here is a result of the effects of geometrically necessary dislocations, source limited plasticity and any length scale associated with the asperity.
Effect of an initial dislocation and stress state
Here we investigate the effects of the dislocation structure created by the indentation process and the stress state arising from the applied normal load on the predicted values of the friction coefficient µ. The computed shear stress τ versus displacement U curves for selected values of the contact size a are shown in figure 6 (a) for the h = 10 µm films with the λ = 20 µm sinusoidal asperity. A comparison with the results in figure 3(a) shows that (i) for large contacts (a 10 µm) the variation of τ with a is much like that in figure 3 (a) and a steadystate sliding stress τ ave is attained, albeit at a lower value and (ii) no distinct steady-state sliding stress is obtained for the smaller contacts (a < 9 µm) over the range of U considered. For the larger asperity sizes, the friction coefficient, obtained by dividing τ by the values of p shown in figure 6(a) , reaches a near steady-state value at a displacement U similar to that in figure 3(a) . Also, the contact sizes in figure 6 (a) are larger than those in section 4.1 and the dislocation source limited regime where τ is set by the cohesive strength is not seen.
The size dependence of the average friction stress τ ave is summarized in figure 6 (b) (for the λ = 20 µm sinusoidal asperity) where again τ ave is defined as the average of the shear traction τ over a displacement range 0.015 µm U 0.02 µm whether or not a steadystate is attained. For comparison purposes, the best fit line through the results in figure 3(b) is also included. As in section 4.1, τ ave is approximately independent of a for a > 5 µm and increases approximately as a −1/2 below this contact size. While the predictions of the friction stress τ ave with and without an initial stress state and dislocation structure are almost identical for intermediate values of contact sizes, 1 µm < a < 4 µm, the values of τ ave obtained here are lower for large contacts. The two main factors that contribute to this reduction in the value of τ ave on the lower plateau are (i) the applied indentation force permits dislocation glide on the φ = ±54.7
• slip systems at a lower value of applied shear stress and (ii) the dislocation structure induced during indentation may also aid the sliding. Another difference between the two sets of calculations is that the average friction stress τ ave in figure 7(b) is smaller for the h = 2 µm film especially at large values of a whereas in figure 3(b) τ ave is relatively independent of film thickness. This difference is rationalized by noting that typically much larger indentation forces are applied to the h = 2 µm film to achieve a given value of a than for the thicker films. This greater indentation force (and resultant larger resolved shear stresses on the φ = ±54.7
• slip systems) reduces the shear stresses required to initiate sliding when the stress state induced by indentation is accounted for.
The predictions of the friction coefficient µ ave ≡ τ ave /p are summarized in figures 7(a) and 7(b) for the λ = 20 µm and 10 µm asperities, respectively. A comparison with the equivalent predictions in figures 4(b) and 5(a) shows that the two types of calculations predict similar values of µ ave for the h = 10 and 50 µm films. However, the calculations in figure 7 predict a more dramatic reduction in the value of µ ave at large a for the h = 2 µm film due to the lower values of τ ave and high values of p for a given a.
While both sets of calculations predict reasonably similar values of µ ave , it is worth investigating the differences in the dislocation structures and deformation fields. The dislocation structures for both types of calculations in the h = 50 µm film for a a = 1.5 µm contact (λ = 10 µm sinusoidal asperity) at a shear displacement U = 0.02 µm are shown in figures 8(a) and (b). The structures are very different with the calculations starting from a stress and dislocation-free state predicting that (consistent with the findings of Deshpande et al [11] ) dislocations are confined to a thin strip adjacent to the top surface of the film. On the other hand, with the initial stress state and dislocation structure from indentation, the dense and extensive dislocation structure created by the indentation process [13] persists during sliding which results in the dislocation structure in figure 8(b) differing dramatically from that in figure 8 (a). Γ Γ Figure 9 . The distribution of the total slip in the h = 50 µm film at a shear displacement U = 0.02 µm for (a) pure sliding and (b) indentation with the = 0.5 µm and λ = 10 µm sinusoidal asperity followed by sliding. The a = 1.5 µm contact zone is indicated in both cases.
The corresponding slip distributions are plotted in figures 9(a) and (b) and are computed by numerical differentiation of the displacement fields u i using the finite element shape functions. This procedure smears-out the intrinsic dislocation discontinuities over single elements and hence the absolute numerical values of are not meaningful: rather is only used to visualize the deformations. Consistent with the dislocation structures in figure 8 , slip in figure 9(a) is confined to a narrow strip adjacent to the contact while in figure 9 (b) slip spreads to at least 3 µm beneath the contact. Although the dislocation and deformation fields in the two types of calculations are significantly different, the predicted values of the friction coefficient differ little (at least for the cases considered here).
Concluding remarks
Indentation and sliding discrete dislocation plasticity analyses were carried out to investigate the initiation of frictional sliding between a rigid asperity and a single crystal film. Two types of sliding calculations have been carried out; in one case, sliding occurs in an initially stress and dislocation-free crystal, while in the other case there is a stress and dislocation state resulting from the preceding indentation. Plastic flow arises from the collective motion of dislocations which nucleate from initially present internal Frank-Read sources. Adhesion between the asperity and the crystal is modelled using a shear cohesive law.
• The indentation pressure versus contact size relation is dependent on the asperity shape.
• For both sets of calculations, plasticity dominates at large contact sizes and the friction stress is approximately equal to the flow strength of the crystal. At small contact sizes, the friction stress is dominated by adhesion. For intermediate contact sizes, the friction stress is contact size dependent.
• The friction stress versus contact size relation of the thicker films (h = 10 and 50 µm) is not significantly affected by prior indentation of the films.
• The scaling of the friction coefficient with contact size (or indentation force) is strongly dependent on the asperity shape.
• Both sets of calculations predict similar values of the friction coefficient for the h = 10 and 50 µm films even though the predicted deformation fields and dislocation structures are significantly different.
